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Abstract. We show that in M."^ there are purely unrectifiable sets 
of HausdorfF (and even box counting) dimension d — 1 which are 
not tube nuU, setthng a question of Carbery, Soria and Vargas, 
and improving a number of resuhs by the same authors and by 
Carbery. Our method extends also to "convex tube null sets", 
establishing a contrast with a theorem of Albcrti, Csornyei and 
Prciss on Lipschitz-null sets. The sets we construct are random, 
and the proofs depend on intersection properties of certain random 
fractal measures with curves. 



1.1. Non-tube null sets and localisation of the Fourier trans- 
form. By a tube T of width w = w{T) > we mean the w- neighbor hood 
of some line in M'^. We recall that a set A C M.'^ is called tube null if 
for any 5 > it can be covered by countably many tubes {Tj} with 



The class of tube null sets arises, perhaps surprisingly, in the locali- 
sation problem for the Fourier transform in dimension d > 2. Indeed, 
Carbery, Soria and Vargas [H Theorem 4] have shown (generalizing a 
result of Carbery and Soria in [3]) that if is a tube null subset of the 
unit ball of M"^ (denoted B^), where d>2, then there exists / G L'^{W^) 
which is identically zero on B^, and such that the localisations 



fail to converge as i? — )■ oo for all x G E. It is an open problem whether, 
conversely, every set of divergence for Sr is tube-null. Motivated by 
this connection, in [H p. 155] (see also [2]) the authors pose the problem 
of finding the infimum of the Hausdorff dimensions of sets in M*^, which 
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are not tube null, and show that this infimum lies between d — 1 and 
d — 1/2. We are able to settle this question: 

Theorem 1.1. There exists a purely unrectifiahle set A d which 
has Hausdorff and box counting dimension d — 1 and is not tube null. 

We remark that the non-tube null sets of fractional dimension con- 
structed in |1] are unions of spheres, and therefore fail to be purely 
unrectifiable. 

We obtain a finer result in terms of gauge functions. Recall that a 
function h : (0, oo) — (0, oo) is called a gauge function if it is non- 
decreasing, continuous and lim^o h{t) = (sometimes continuity is 
not assumed). Given a gauge function h, the /i- dimensional Hausdorff 
measure is defined as 

{oo 
^/i(diam(Ei)) : E C |J E^, diam(Ei) < 6 
i=l i 

This is always a measure on the Borel cr-algebra. When h(t) = t^, we 
recover the usual /3- dimensional Hausdorff measure Ti^. See e.g. [5l 
Section 2.5] for further details. 

Theorem 1.2. Let h : (0, oo) — (0, oo) be a gauge function such that 
h{2t) < 2'^h{t), and 

[ t-^ y/t^-'^\\0g{t)\h{t) dt < +00. (1.1) 

Jo 

Then there exists a compact set A cM.'^ with the following properties: 

(1) For each n, A can be covered by C//i(2~") balls of radius 2~"', 
where C > depends only on d. 

(2) < 1-L^{A) < oo. 

(3) If B d A is a Borel set with H^iB) > 0, then B is not tube 
null. In particular, A is not tube null. 

One obtains Theorem 1 1.1 1 by taking e.g. h{t) = t'^"^! logtlog | logt||~'^: 
see Section m 

The condition h{2t) < 2'^h{t) is very mild for a subset of M"'. The key 
assumption is (11. ip : it says that A is "larger than d—1 dimensional by at 
least a logarithmic factor". Theorem 11.21 fails if liminf^o h{t)t^~'^ > 0, 
see [H Proposition 7]. It remains an open problem to determine the 
exact family of gauge functions for which non tube null sets exist. 

1.2. Tubes around more general curve families. When d = 2, we 
are also able to treat tubes around more general curves. Given a family 
of curves J-" in M^, we call the w-neighborhood of F G J-" an J^-tube 
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of width w = w(T). We say that a set A C is J^-tuhe null if, for 
every 5 > 0, there is a countable covering {T,} of A by J-'-tubes, with 



Given /c G N, let Vk be the family of (real) algebraic curves of degree 
at most k. Observe that Pi-tube null is just tube null. By imposing a 
slightly stronger integrability condition for h, we obtain the following 
generalisation of Theorem 11.11 for Vk- 

Theorem 1.3. For d = 2 and k & N, Theorem 1.2 continues to hold 
if in "tube null" is replaced by "Vk-tube null", and if fll.lj) is 
replaced by 



The family of algebraic curves of a bounded degree is essentially 
finite dimensional, see Lemma 15.21 These results pose the question 
of how large a family of curves J-" may be so that there exist sets of 
less than full Hausdorff dimension which are non J-'-tube null. The 
family V = Uk^fqVk does not have this property for trivial reasons: 
it is Hausdorff dense in the compact subsets of the unit square. If 
we instead consider the family Q (Z V of algebraic curves which are 
graphs of functions of either x or y with derivative at most 1, then the 
situation is much more subtle. Indeed, Alberti, Csornyei, and Preiss 
(See [H Theorem 2]) proved that for the family C of 1-Lipschitz graphs 
in the coordinate directions, any Lebesgue-nuU set is £-tube null. By 
approximation, the same can be deduced to hold for Q. 

One is then led to ask what the situation is for infinite dimensional 
families of curves which nonetheless carry more structure than just 
being Lipschitz. One of the most natural such families is the following: 
let C be the family of curves which are graphs of a convex function 
/ : [0, 1] — M. It is not hard to see C is not doubling in the Hausdorff 
metric (see Section |6]). Nevertheless, in contrast with the result of 
Alberti, Csornyei and Preiss, there are sets of dimension less than 2 
which are not C-tube null. 

Theorem 1.4. For every 5/3 < /3 < 2, there exists a set A CM.'^ with 
< ^{^{A) < oo which is not C-tube null. 

It seems very likely that the method can be pushed to show that 5/3 
can be replaced by 3/2 in the above theorem. We do not know what is 
the best possible value, and conjecture that 5/3 cannot be replaced by 
1, i.e. there is 5 > such that every set of Hausdorff dimension 1 + 5 
is C-tube null. 



E,Mr,)<5. 




(1.2) 
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1.3. Further results. As a corollary of the proofs, we can extend [21 
Theorem 1] to one of the endpoints and a wider class of tubes. 

Theorem 1.5. For any P > d — 1, there exists a set A G M.'^ with 
positive and finite (3 -dimensional Hausdorff measure Ti^ , such that 

sup , < +00, 

where the supremum is over all (linear) tubes. In dimension d = 2, 
the result also holds when the supremum is taken over all Vk-tubes (for 
fixed k). 

In [21 Theorem 1] this is proved, for standard tubes, with any expo- 
nent 7 < min(/3, c/ — 1) in the denominator, and the question of finding 
all possible pairs (/3,7) is posed. 

Our final result concerns the dimension of intersections of fractals 
and lines (or, more generally, algebraic curves). It is a general result 
of Marstrand (in the plane) and Mattila (in arbitrary dimension) that 
a Borel set E G M.'^ of Hausdorff dimension /3 > 1 intersects "typical" 
lines in Hausdorff dimension at most /3 — 1 (here "typical" refers to an 
appropriate natural measure space, see [SI Theorem 10.10]). It is of 
interest to sharpen this result for specific classes of sets. For example, 
Furstenberg [6] conjectured that for certain fractals of dynamical ori- 
gin, there are no exceptional lines, and Manning and Simon [7| proved 
that typical lines with rational slopes intersect the Sierpihski carpet 
in dimension strictly less than /3 — 1, where /3 is the dimension of the 
carpet. It follows from our methods that there exist sets for which 
there are no exceptional lines in the Marstrand-Mattila's Theorem, in 
a strong uniform quantitative way. 

Theorem 1.6. Let h be a gauge function satisfying the assumptions of 
Theorem \l.S[ Then there exists a compact set A G M.'^ of positive and 
finite h- dimensional measure with the following property: there exists 
C > such that for any line 7 C M'^ and any r > 0, the fibre A fl 7 can 
be covered by Cr/h{r) intervals of length r. 

If d = 2, the same holds for all 7 G Vk, provided h satisfies the 
slightly stronger assumption of Theorem \1.3[ 

The proofs of all our main results rely on a random iterative con- 
struction described in the next section. Thus this paper can be seen as 
an application of the probabilistic method, based on the insight that it 
is often easier to exhibit objects with certain properties by showing that 
almost every object in a random family satisfies them. Although here 



SETS WHICH ARE NOT TUBE NULL 



5 



we study the geometry of random measures as a tool towards our re- 
sults, many recent articles have studied projections of random fractals 
for their own sake. In particular, the results in [TTl [10] on projections 
of fractal percolation led us to believe that random tree-like fractals 
were likely not tube null, and provided several of the ideas needed to 
prove it. 

Acknowledgements. We learned some of the ideas we use from [TO] , 
and we thank Y. Peres and M. Rams for sharing their insights with us. 
We are also grateful to M. Csornyei for telling us about the problems 
related to non tube null sets. 



2. Notation and construction 

We use O(-) notation: X = 0{Y) means X < CY for some constant 
< C < +00, X = Q(Y) means Y = 0{X), and X = Q{Y) means 
X = 0{Y) and Y = 0{X). When the implicit constants depend on 
some other constant, this will be denoted by subscripts; so for example 
Y = Ok{X) means that Y < C{k)X for some positive function C of 
k. Throughout the paper, we let 1^41 denote the Lebesgue measure of 
a set y4 C M"'. We also let D denote the Hausdorff metric in the space 
of compact subsets of the unit cube [0, l]*^. 

We prove all our results for sets obtained as the limit of an iterative 
random construction related to (although different from) fractal perco- 
lation, which we now describe. Let P„ denote the collection of closed 
dyadic sub-cubes of [0, l]'^ of side length 2~". Let {a„} be a sequence 
satisfying 

n 

a„G {1,2'^} and P„ := J] = 6 (l//i(2-")) . 

i=l 

Such sequence exists because h{t) < h{2t) < 2'^h{t). 

Starting with the unit cube Aq = [0, 1]'^, we inductively construct 
random sets An as follows. If a„ = 2*^, set An+i = An- Otherwise, if 
a„ = 1, choose, for each D e Vn such that D C An, one of the 2'^ dyadic 
sub-cubes of D (which are in Vn+i), with all choices being uniform and 
independent of each other and the previous steps. Let An+i be the 
union of the chosen sub-squares. Then {An} is a decreasing sequence 
of nonempty compact sets, and we set A = H^i^n- See Figured] for 
an example. 
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Figure 1. The first three steps in the construction of A 
in the plane, with ai = 4, 02 = as = 1 



3. Proof of key result 

Let fin be the normalized restrictions of Lebesgue measure to A^, i.e. 

/i„(5) = 2'^"p-i|finA„| (3.1) 

for all B C R'^'. These measures converge to a measure /i supported 
on A. By verifying it first for dyadic cubes, it is standard to check 
that fi{E) = Qd{H^{E)) for any Borel set E G A. In particular, 
Kn^iA) < 00, and for any Borel set E C A, U^^E) > if and only 
if > 0. 

We now start the core of the proof of Theorem II. 2[ showing that 
almost surely, no positive measure subset of A is tube null. 

Let A denote the family of all lines which intersect the unit cube. 
Given I & A and n G N, we define the random variable 

^ 2'-p,:'n\An ni) = l^ll^nH^ (3.2) 

\^n\ 

where "H^ denotes 1-dimensional Hausdorff measure (length). Our 
proof will involve estimating the Y^, and indeed showing that they 
are uniformly bounded. This is the content of our key result: 

Theorem 3.1. Almost surely, sup^m/^A'^n < 

Theorem 13.11 will follow from the next two lemmas. The first is a 
large deviation argument that we adapt from [TO] . 

Lemma 3.2. For any £ ^ A, n ^ N, and k, > for which 

^22(l-rf)np^ = fi(l) , (3.3) 

we have 

P {K+i - > K^n) < 0(1) exp(-fi(l)«:22(i-'^)"P„). 
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Proof. We fix n and condition on An. If a„ = 2'^ then 



n+l 



Y^, SO 



we assume 



1, wlience P, 



P„. Write -D for the collection of 
cubes in P„ forming An that intersect £ in a set of positive length. Let 



j G {n, n + l}. For each Q G D, we let 



XQ = 2'^z/„+i(g)-z/„(g). 

The random variables {Xq : Q & D} are independent, have zero mean, 
and are bounded in modulus by 0(1). For each j, we decompose D 
into the families 

Dj = {Q e D : Vd ■ < UniQ) < Vd ■ 2^"^}. 

Then Dj is empty for all j < 0. Moreover, as Yj^ = 2('^-i)"P-i T^q&d MQ), 
we have 

Y:>mi#D,)2^'~'^-~^Pn'- 
By Hoeffding's inequality, for any A > we have the estimate 



P 



Since Y^^-^ 



> A2(^-'^)"P„v^j < 0(l)exp(-fi(A2)2^+(i-'^)"P„). 
ye = 2('^-i)"P-i EoeD^Q' conclude that 



P ( \YL, - Fil > K^/YI ) < > ■ P 



n+l 



QGD, 



> ^](J-2)2(l-'^)"P„«:v^ 



< 0(l)exp(-fi(l)2(i-'^>"P„/€2) 
where we use (13.31) to obtain the last estimate. 



□ 



The second lemma shows that a finite set of lines of exponential size 
controls all lines, up to an ultimately negligible error. 

Lemma 3.3. For each n, there is a (deterministic) family of lines 
An^ A such that #A < 0(1)", and 

supy„^< supi;^ + o(2-"), 

for any realization of A . 

Proof. We construct a family of lines An with 0(1)" elements such that 
given any line i that hits the unit cube, there is G An such that 

H^(^ng) < 7{^(f ng) + 0(8"") for any gGP„. (3.4) 

We first assume that d = 2. Recall that D is the Hausdorff distance 
between closed subsets of the unit square. By elementary geometry, 
there is A'n C A with 0(1)" elements which is 2~^" dense in the D 
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metric. Let A'^ be the family of all dyadic lines {x = k2^"-}, {y = k2~"-} 
of level n that hit the unit square, and set An = A'^ U A". 

If the angle between i and the coordinate directions is larger than 
2-3n, -f i^i^(i{xj) : X e in[0, If} > 2-3" for all le A'^, then by 
elementary geometry, (13 ■4p holds for any i' G A'^ which is 2~^^ close to 
i in the D metric. Otherwise, we can take i' to be a dyadic line in A'^ 
which is 0(2-'^") close to i in the D metric. 

For d > 2 the families An satisfying (13. 4p are defined in an inductive 
manner. Suppose that we know how to construct An = An~^ in M^"^ 
such that (13.41) holds. We construct An = An as follows. Let A'n be a 
2-6n (jgnse family of lines in M'^ with 0^(1)" elements. Given a dyadic 
hyperplane V^j = {(xi, . . . , Xd) '■ Xj = k2~"-}, we construct a copy of 
An~^ inside V and denote this by A{k,j). Let 

x= U ^(^'^■)- 

l<i<d,0<fc<2" 

Then it is easy to check that (13. 4p holds for the family An = A'n U A'n- 
Moreover, An has only 0^(1)" elements. 

We can now finish the proof of the lemma. Since each line i hits at 
most 0(2") squares in we conclude from ([S3D that n^ii D An) < 
'H^{i'r]An)+0{4:~'^) and combined with the definition of y^, this implies 
that < + 2^"P-iO(4-") = 0(2""). Recall that P„ = fi(2(^-i)"). 
It follows that An is the desired family. □ 



Proof of Theorem \3 . 1[ Let M„ = sup£g_4F^. It follows from (II. ip that 



^ A/n2('^-i)"/i(2-") < oo. 



n=l 



The Borel-Cantelli lemma shows that it is enough to find C < oo such 
that 

^ P (Un+i -Mn> Cy^n2('^-i)"/i(2-")M„ + 0(2-")"] < oo. (3.5) 

n=l ^ ^ 

Therefore fix n and condition on An- Pick I ^ A. Recalling that 
= e(/i(2""), it follows from Lemma |M] that 

P - > Cy/n2('^-i)"/.(2-)i;f^ < 0(1) exp(-02 f](n)). 

Observe that n2('^-i)"/i(2"")2(i-'^)"P„ = fi(n) = f](l) so that (CT 
holds and we may apply Lemma 13.21 
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Let An be the family given by Lemma 13.31 For C sufficiently large, 
it holds that 

P (maxY^,. - M„ > CA/n2('^-i)"/i(2-")M„ ) < 0(1^ exp{-C^n{n)) 
\e&An V J 

(3.6) 

= 0(exp(-l](n))). 
In light of Lemma 13. 3 1 we see that (13. 5 p holds, completing the proof. □ 

4. Proofs of Theorems 11.11 and 11.21 

Proof of Theorem \1.2[ The ffist two assertions in Theorem 1 1.2 1 are clear; 
we only need to show that ii B G A has positive //-measure, then B is 
not tube null. By Theorem 13. Ij almost surely there is C > such that 
< C for all n and £. This implies that for each n, all orthogonal pro- 
jections of Hn onto hyperplanes have a density (w.r.t (d— l)-dimensional 
Lebesgue measure) uniformly bounded by C. The same therefore holds 
for fi. 

Now this implies that if {Tj} is a countable collection of tubes cov- 
ering B, then 

< Mi?) < Y.f(^^^ ^ Y.^^iT,Y-\ 

3 3 

showing that B is not tube null. □ 

Proof of Theorem Take h{t) = f^"^! logt log | logt| |"^. Because 
limt^o log h{t) I logt = c? — 1, A has Hausdorff and box dimension equal 
to c/ — 1 and is a.s. not tube null by Theorem 11.21 

It remains to show that A is purely unrectifiable. For simplicity, 
we assume that d = 2. Denote by M the collection of all n G N for 
which an = cin+i = 1- Observe that a„ in (13. 2 p can be selected so that 
A/" is infinite. Suppose on the contrary, that there is a continuously 
different iable curve F such that F fl A has positive length. By the 
Lebesgue density theorem, "H^-almost all x G A fl F satisfy 

{3Qn n F n A) (3g,, n f) 

uw^n =0(1), (4.1) 

where Qn G Vn is a square that contains x and 3Qn is the union of Qn 
and its neighbors in Fix x G A fl F satisfying (14. ip and let n G Af. 
Since each of the neighboring squares of Dn contain only at most one 
square from 'Dn+2, F fl 3Qn has to cross at least one column or row 
S of squares in Vn+2 such that 3Q„ H A O S = ^. This implies that 
'H^{3Qn r\T\A) > Q{2~"-). For large n this yields a contradiction with 
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The case d > 2 follows with the same argument, assuming that 
ttn = ttn+i = ... = an+Oaii) = 1 ^OT infinitely many n. □ 

5. Proof of Theorems I1.3L 11.51 and 11.61 

The proof of Theorem 11.31 follows the same pattern of the proof 
of Theorem 11.21 the main difference lies in establishing the analog of 
Lemma [3.3[ which requires a more involved argument. From now on, 
we assume that d = 2. Fix k & N. As in the linear case, for any curve 
7 and n G N, we define the random variable 

Y;^ = rp-'n\Ann^). (5.1) 

Lemma 13.21 continues to hold for 7 e Pfc with the same proof. Indeed, 
in Lemma 13.21 the only time we used the fact that we were dealing 
with lines was in the estimate Timlin Q) = 0{diam{Q)) for all squares 
Q, and it is clear that ^^(7 HQ) = Ofc(diam(Q)) if 7 G P^. 

Before discussing the needed analog of Lemma 13. 3^ we make a reduc- 
tion that will be useful also later. By Bezout's Theorem, each 7 G 
can be split into Ofc(l) curves, each of which is, after a rotation by 
7T /2 and/or a refiection, the graph of a convex, increasing function 
/: [a, b] —7- [0, 1] with derivative bounded by 1. Instead of dealing with 
Vk, we deal with the family of these better behaved pieces, which we 
denote Qk. Clearly, being "P^-tube null is the same as being Q^-tube 
null. 

The following simple Lemma is essential in the proof of Lemma 15.41 
It should be well known, but we have not been able to find a reference 
so the simple proof is included for completeness. 

Lemma 5.1. Let /i, /2 be convex increasing functions defined on [0, 1] 
with right derivative bounded above by 1, and let 'ji, i = 1,2, be their 
graphs. Then 

|7/^(7i) -^'(72)1 = 0(1/ -^U), 
where |/i|oo = sup^g^^ij \h{^)\- 

Proof. By approximation, we can assume that /i, /2 are twice continu- 
ously different iable. Then 

'H\^^) - n\^2) = f v^ + mr-v^ + mydt 

Jt=o 

= f a{t) {f[{t) - f^{t)) dt , (5.2) 
Jt=o 

where 

<t) = {f[{t) + fm {ViTJiW + vi + myy' ■ 
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Then 

a'{t) = h{t)f^{t) + h{t)f!;{t), 

where 61,62 are continuous functions on [0, 1] bounded by 0(1). Inte- 
grating by parts, we deduce from fl5.2p that 

|7^^(7i) - ^'(72)1 <0(|/i- Moo) + r \a'{t)\m)-Ut)\dt 

Jt=o 

<0(|/i-/2U)(l + |a'|i), 

where | ■ |i denotes the norm on [0, 1]. But 

|a'|i< |6iU|/{'|i + |62|oo|/2li=0(l), 

using that |/f |i = //(I) — //(O) < 1 for i = 1, 2, thanks to our assump- 
tions. □ 

We shall next provide a simple geometric argument implying a bound 
on the number of 5-balls needed to cover Qk- 

Lemma 5.2. For all < 6 <1, Qk can be covered 6t/ exp(Ofc(| log5p)) 
balls of radius 6 in the D-metric. 

Proof. We prove that given 7 G and < r < 1, we may cover the 
ball B('y,r) by Ok{r~'^''^^^) balls of radius r/2. The claim then follows 
by applying this recursively for all r = 2~", n G N. 

If 7,7 G Qk, let / (resp. /) denote the function whose graph 7 (resp. 
7) is. Fix 7 G Qfc and for 7 G -8(7, r), denote by [a;^,c^;] the interval 
on which / is defined. 

For notational convenience, we assume that^ G N. Forz G {-8,-7,.. 
let fi = f + ^ . We extend the functions fi to [a^ —r,c^ + r] by setting 
fiit) = fi{a^) for — r < t < and fi{t) = fi{c^) for < t < c^ + r. 
To each ^ ^ B{'~f, r) we attach a sequence 

P = p{l) = (Po,Pi,---,P5/r) e {-00,-8, -7,..., 7,8, +cx)}^/'^ 
such that. 

{-00 if a:y > -^^ 
jif/,(^) < /(^) </,+! (^) 
+00 if C;y < ^ . 

By Bezout's theorem, for any i and 7 G B{'~f,r), 7 intersects the 
graph of fi at most 0^(1) times (or otherwise / 7^ fi). This means 
that for each 7 G B{'-f,r), there are at most 0^(1) values pj such 
that pj+i 7^ Pj. Thus, the number of all possible sequences ^(7) for 
7 G B{'j,r) is at most 0{r~'^^^^). In addition, if ^(7) = ^(7), it follows 
from the construction that 7 G -8(7, r/2), recall that the derivative of 
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each / G Qk is between and 1. Combining these observations imphes 
that B{'y,r) may be covered by 0(r~*^^^)) balls of radius r/2. □ 

Remark 5.3. It seems likely that the bound exp(Ofc(| log(5p)) in Lemma 
15.21 could be improved to S~^kW (^this is equivalent to Qk having finite 
box-dimension in the D-metric). If this is the case, then (11. 2p in The- 
orem [L3l can be replaced by (11. ip . However, we have not been able 
to prove this nor could we track such a result in the literature. Recall 
that there is only a mild difference between the conditions (11.20 and 
(11.11) . and also that it is not known if (II. ip is sharp for Theorem 11.21 

Lemma 5.4. For each n, there is a family of curves Qn,k C Qk such 
that i^Qn,k < exp(0fc(n2)), and 

sup 17 < sup 17 + Ofc((4/5)-'^), 
for any realization of A. 

Proof. To begin with, take S = 2 x 5~" and let T' C Qk be the (5-dense 
family of size exp(0(n^)) given by Lemma [5.21 We will next modify 
r' by adding a finite number of translates of each 7 G F': Let 7 G F', 
and let 7 be the graph of / : [a, c] — [0, 1]. Let (a, b) be the interval on 
which < 5^". If there is A; G N such that |/(a)-A;2-"| < 2x5~", 
we choose numbers — 0(5~") < yi < 0(5"") for each a < ^5"" < b, 
i G N, such that the function fi{x) = f{x) + yi crosses the dyadic line 
y = fc2~" at Xi = i5~". Let be the collection of all the graphs of fi 
(If 6 < a + 5-" or if |/(a) - A;2-"| > 2 x 5"" for all k, then = 0). 
We define 

F = F' U U U U {y = k2^} . 

7er' o<fc<2" 

Since each contains at most 5" elements, it follows that the cardi- 
nality of F is exp(0(n^)). Moreover, using Lemma [^?T] it can be checked 
that, for any 7 G Qfc, there is 7 G F such that 

'H'(7 nQ) <n\^nQ) + Ofc(5-") for all Q G V^. 

We leave the verification of the several simple cases to the reader, or 
see Lemma [6.61 for a similar but more complicated argument. 

As in the proof of Lemma 13. 3[ the claim now follows by adding over 
all chosen Q and recalling the definition of Y^. □ 

Proof of Theorem \1.3[ Once we have analogs of Lemmas 13.21 and 13. 3[ 
the proof of Theorem 13.11 works verbatim to yield that almost surely 

C := sup 17 < +00. 
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(Replacing Lemma 13.31 by Lemma 15.41 and (11. ip by (11.21) . the upper 
bound in fl3.6p reads exp (O(n^) — C'^il{n'^)).) 

To conclude the proof, fix some 7 G Qk', suppose 7 is the graph of 
/ : [a, b] R. Then for any 6 > 0, 



7(5) C i?((a, /(a)), S) U 5((6, /(6)), 5) U {{x, y) : \y - f{x)\ < 25} . 



Comparing the definitions of /i„ and (see (13. ip and (15. ip ). it then 
follows from Fubini's theorem that UniliS)) < 0{C6), and hence the 
same bound holds for /i. The proof then finishes as in the case of 



Proof of Theore'm \1.5[ Take h{t) = t^^ with /3 > d—1. Then the random 
measure satisfies niT) = Q{l-i^{T fl A)) for any Borel set T. In the 
proof of Theorem 11.21 we observed that (as an easy consequence of 
Theorem 13. ip s\iy)t ^^{T) / w{TY~^ < 00 where the supremum is over all 
tubes in R"^. Likewise, in the proof of Theorem 1 1.3 1 the same was proved 
for tubes around algebraic curves in M^. The theorem follows. □ 

Proof of Theorem M.bX We consider first the case of lines in W^. By 
Theorem 13.11 and Fubini, there exists C > and a realization of the 
random set A such that yU„(7((5)) < C5 for all 5 > 0,n G N and all 
lines 7. In particular, this holds for 5 := \fd ■ 2~". Since any chosen 
cube in A^ which intersects 7 is then contained in 7(5), it follows from 
the definition of /i„ that 7 can intersect at most 0(2~"//i(2~"')) such 
cubes. From here the theorem follows easily. 

The situation for algebraic curves is identical, using the proof of 



6.1. Initial reductions. The proof of Theorem [L^ follows once again 
a similar pattern. However, bounding the number of D-balls of radius 
5 needed to cover C is more delicate (and the bound is much larger 
than for the case of Vk)- 

We start with some notation and reductions. Abusing notation 
slightly, we will sometimes identify functions / : [0, 1] — )■ [0, 1] with 
their graphs. We denote by the subset of C consisting of non- 
decreasing functions with right derivative bounded above by 1. We note 
that since every curve in C is the union of at most four curves which 
are obtained from a curve in by a possible tt/2 rotation and/or a 
refiection, it is enough to prove Theorem 11.41 for C"*" instead of C. (To 
be more precise, an arbitrary / G C is the union of such four curves 
defined on some interval [a, 6] rather than [0,1]; by continuing them 



lines. 



□ 




□ 



6. Proof of Theorem 11.41 
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linearly to the left of a and the right of 6, there is no harm in assuming 
they are defined on all of [0, 1].) 

6.2. Bounding the size of C+. 

Proposition 6.1. For every < 6 < 1, contains a 6-dense subset 
(in the Hausdorff metric D) with exp(0(5~^/^| log(5|)) elements. 

The idea of the proof of Proposition l6.1l is to associate to each / G C+ 
a finite collection of numbers, in such a way that knowing each of these 
numbers with an error up to 5 allows to construct a piecewise affine 
approximation which is within distance 0{5) of /. The problem is then 
reduced to a counting problem in a much more straightforward space. 
Of course, this can be done with any continuous function; the trick is 
to exploit the convexity and monotonicity of / to show that, in essence, 
exp(0((5~^/^| log5|)) numbers suffice to reconstruct / up to error 0{5). 

From now on, we assume that 5"^/^ is an integer N (for simplic- 
ity of notation). Let us first define the parameter space. Let X = 
{0, . . . , ^^i^ , 1} and let A be the family of all increasing functions 
/ : Y ^ X, where Y G X has at most 2N + 1 elements. It is straight- 
forward to check that #A < iVO(^). 

We reduce the proof of Proposition 16.11 to the following: 

Proposition 6.2. There is a mapping P: ^ A such that if f, f ^ 
C+ and P{f) = P{f), then D{f, f) = 0{N-') . 

This indeed implies Proposition 16.11 the needed 0((5)-dense collec- 
tion in is obtained by choosing one element from P~^(A) for each 
A e P{C+). 

To define the projection P, we fix / G C"*". We first construct Y = Yf 
inductively as follows: Let xo = 0. If < 1 is defined, let 

Xfc+i = min |l,Xfc + -^,inf{x E X : Xk < x,f'{x^) > f\xl) + ^}| . 

We stop the construction when = 1, and set Y = {xq, Xi,X2, ■ ■ ■ ,Xk}- 
Lemma 6.3. For each f G C'^ , the set Yf satisfies 

#r<2iV + l, (6.1) 

< Xi - Xi„i < ^ for each <Xi eY. (6.2) 

In addition, for each < Xi E Y , we have 

\f'{t) - f(^^~f(^^-^) \ = oil/N) for x._i < t < J. , (6.3) 

1 

where Xj = Xj — N^'^ . 
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Proof. The first claim follows directly from the construction of Y since 
< f'{t^) < 1 is non-decreasing by convexity. The claim (16.21) is also 
clear. The last claim follows from (16. 2p and the fact f'{xf_i) < f'{t^) < 
f'ixf) < i) + A^-^ for all <t<Xi. □ 

We may now complete the definition of p = P{f). For each x & Y, 
we let p{x) = where k eN and ^ < f{x) < Given / G C+, 
we extend p = P{f) to [0, 1] by interpolating it linearly between the 
points of Yf. For notational convenience, we denote the extension also 
by p. See Figure [2] for an illustration. 

The claims of the following lemma are simple consequences of the 
definitions. 

Lemma 6.4. For f E , p = P{f), and Y = Yj it holds 

\p{x) - f{x) I = 0{N-^) for allxeY , (6.4) 
p'{t) =0(1) for alio <t<l,t^Y. (6.5) 

Proof of Proposition 1 6'. ^ We claim that for each f E C~^, the (ex- 
tended) projection p = P{f) satisfies 

b-/U = o(iV"2). (g_g) 

This implies the claim since if /, / G and p = P{f ) = P{f), then 

D{f, f) = 0{\f-fU = 0(\f-p\^ + \f-p\Jj= 0{N-') . 

In short, the estimate (16. 6p holds because Y = Yf has been constructed 
so that the variance of /' on each interval Xj — 0(A^~^)] is at most 
0{N~^) and is an affine map with \p{xk) - fixk)\ = 0{N~'^) 

ioY k = i — For the reader's convenience, we provide a detailed 
proof. 
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Let < t < 1 and choose i such that Xi^i < t < Xi. Set Xi = 
Xi — N"'^. li t > Xi, then \t — Xi\ < N~~'^ and it follows using fl6.4p . 
dnSD, and < < 1, that 

\p{t) - f{t)\ < \p{t)-p{x,)\ + \p{x,) - + - fit)\ 

< 3 X 0(iV-2) = 0(iV"2). 

It remains to consider the I <t < Xi. Write 

pw^p(x..-o+(«-x._.) ^'"-' 

= f{Xi^l) + (piXi^l) - + 

fiXi) - f{Xi_i) + {p{Xi) - f{Xi) + -pixi^i)) 



+ it-Xi)- 



Xi - Xi-i + N 2 



(6.7) 



Using (16.41) . <t<Xi and < f'{x'^) < 1, we estimate 

b(x.-i)-/(x,_i)|=0(iV-2), 
|p(a;,)-/(xOI=0(iV-2), 

t - Xi-i 



< 1 . 



We deduce from (16. 7p that 



p{t) - f{Xi-i) - (t - Xi-i) 



f{Xi) - f{Xi-i) 



Xi - Xi-i + A^- 



0{N- 



(6.8) 



Also, using Xi — > 2N Xi < t < Xj+i and < f\x^) < 1, we 
have 



^ = 0(iV-2|x, -Xi_ir 

\{t - x,_i)(/(J,) - /(a;,_i))| = 0{\x, - a;,_in . 
Combining the estimates (I6.8p - (l6.10p . we conclude that 

J{Xi) - /(Xi_i) 



(6.9) 
(6.10) 



pit) - f(x,^l) - {t - Xi^l)- 

Since, on the other hand (16.20 and (16. 3p yield that 

J{Xi) - /(Xi_i) 



f{t)-f{x,^^)-{t-xi.,y 



we have shown that (16.61) holds. 



0{N~^) 



□ 
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Remark 6.5. It follows from the previous proposition that if N{6) is 
the minimum number of balls of radius 6 needed to cover C+ in the 
Hausdorff metric, then \ogN{6) = 0{6~^^'^\\og6\). This is close to 
being sharp: log N{S) = Indeed, suppose again = 5"^/^ is 

an integer. Set 

A = {(ai, . . . , a^) : G {0, . . . , 1}, < ai < ■ ■ ■ < < iV}. 

Then log#A = Q{N). Given a = {ai,...,aN) e A, let La be the 
piecewise affine function satisfying La{0) = and L'^{t) = ai/N for 
(i - 1)/A^ < t < i/N. It is clear that La G C+, and if a 7^ 6 e A, then 
D{La,L,) = n{l/N^). 

In particular, (C"*", D) has infinite box dimension, and is very far from 
being a doubling metric space (recall that a metric space is doubling 
if each ball can be covered by a uniformly bounded number of balls of 
half the radius). 

6.3. Completion of the proof of Theorem [T74l The proof of The- 
orem [T3] now follows the usual pattern, with minor variations. We still 
use the construction from Section [2], but we now assume that h{t) = 
for some (5 G (5/3,2). Lemma [3.21 holds for curves 7 G C"^, as there is 
a uniform upper bound for the ratio 7/^(7 fl Q)/diam((5) (namely 2) 
for all dyadic squares Q. The needed analog of Lemmas 13.31 and 15.41 is 
now the following. 

Lemma 6.6. Let 1 < 77 < 4. For each n, there is a family of curves 
Cn C C+, such that log#C„ = 0(n2''"/2) and, for any realization of A, 

sup < sup 17 + 0(2(3-'^-'')"). 

7GC+ 7ec„ 

Proof. Let 6 = 2^^". We apply Proposition 16.11 to obtain a (5-dense 
family C'^ C C+ such that log#C; = 0(n2''"/2). 

We will modify in the same fashion as in the argument of Lemma 
[531 If / e C;, let (0,6] be the interval on which f'{x+) < 2~''~\ If 
there is A; G N such that \f{t) - k2-''\ < T^^^^ for some < t < 6, 
we choose for each < z2~"''' < 6, z G N U {0}, numbers yi such that 
the function fi{x) = f{x) + yi crosses the horizontal line y = A;2~" at 
Xi = i2~^^. We also let fi be the function 

7( ) - I ^2"" for 0<x<Xi 

Jl[^) - I fQj. X > Xi 

(We are snapping /j to the dyadic line y = A;2~" so that the snapped 
version is still globally close.) Let Sj be the collection of all fi and fi, 
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and set 

Since each £j has at most 0(2"'') elements, it follows that log = 
0(n2''"/2), Let 7 G C+. We claim that there is 7 G C„ such that 

^ ?/i(7 n g) < n g) + o(2"(i-'')) . (e.ii) 

Q&T>n 

This implies the claim since then 

= 4"p-i?^i(7 n A„) < 4"p-i {H\^ n A„,) + o(2"(i-'')) 
= + p-^o(2"(=^-^')) = + o(2"(=^-^-'')) , 

recall that P„ = 6(2'^^). 

To prove (16. lip , fix / G C"*" and let 7 be the graph of /. We first 
choose /* G C'^ which is (5-close to / . If Sf* = 0, we let f = f*. 
Otherwise, there is k E N and < t < b such that \f*{t) - A;2~"| < 
where b = sup{x : /*(x+) < 2~"-i}. Denote 

a = sup{x : fix) < A;2^"} , 

with the convention a = if /(O) > A;2~". It follows from the construc- 
tion of Sf* that we may choose /* G Sf* and < = i2~"^ < b with 
/*(xi) = A;2~" such that 

|x.-a|<|^(''")^^"^^ (6 12) 

' * ' - [0(2"(i-'')) if a > 6. ^ ■ ^ 

If the set {/ = A;2~"} contains at most one element, we choose / = /* 
and otherwise we let / = /*. 

We first assume that a > b. Let 7-^, 7"^, 7^, and 7^ be the graphs of 
/[o,xj, f[o,x,], f[a,i], and respectively. It then follows that 

n^Q n 7^) <n\Qn 7^) + 0(2-"") for aii g g p„. (6.13) 



Recall that by Lemma ISTT] it is enough to bound the Hausdorff distance 
of 7* n g and 7* n g in order to estimate the difference Ti^iY ^Q) ~ 
'HM^^ n g). Let / C [a, 1] be the set where the distance of 7 is at least 
2""'' to all dyadic lines y = j2~^. Then 

n g) < h\^2 n g) + 0(2-"'?) for aii g g p„. (6.i4) 

Since the derivative of / is at least 2^""^ on [a, 1] it follows that |[a, 1] \ 
/| = 0(2"(i-'')). Combining with (l67[3|) . flri^l) and f l612|) . and taking 
into account that each 7 intersects at most 0(2") squares in Vn yields 
(16. lip in the case a > b. 
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li a < b, we can repeat the above argument with [0, Xi] and [a, 1] 
replaced by [0,6] and [&,!]• □ 

Proof of Theorem \1.4\ We follow the proof of Theorem 13. 1[ Let 

Mn = sup FJ. 

7ec+ 

Pick any 77 G (3-/3, 2(/3 — 1)); note the interval in question is nonempty 
thanks to our assumption that 13 > 5/3. It will be enough to show that 

00 

^P(^M„+i-M„ >n-2v/il4 + 2(^~^"'')") <oo. (6.15) 



n=l 



Indeed, thanks to Borel-Cantelli this implies that sup„gp|^gc+ < 00 
almost surely, and from here the proof can be finished exactly as in the 
proof of Theorem II. 3[ 

From now on, fix n and condition on y4„. Pick 7 G C"*". Recall that 
under our assumptions, P„ = 6(2"^). Lemma 1X2] (applied to curves in 
C+) yields that 

P - Y;' > n-^v^) < 0(l)exp(-fi(n-^2(^-i)'^)). 

Let Cn be the family given by Lemma 16.61 with this rj. Then 

P ( max 17, 1 - M„ > < 0(1) exp(0(n2''"/2) _ n(n-^2^^-^>'')) 

= 0(l)exp(-fi(2"^') 

for any < t]' < /3 — 1 (here we use that rj < 2(/3 — 1)). This implies 
fl6.15p and finishes the proof. □ 



7. Generalizations 

We finish the paper by sketching some generalizations of the results 
in Section [TJ 

In M"^, d > 2, Theorem O can be generalized by considering tubes 
around planes rather than lines. For k G {1, . . . ,d — 1}, denote the 
Grassmannian of /c-planes in M'^ by G{d, k). A G{d, k)-tube T of width 
w = w(T) is, as usual, a it;- neighbourhood of a plane V G G{d, k). We 
say that A C M'' is G{d, /c)-tube null if for every 5 > one can find 
countably many G((i, /c)-tubes Tj covering A with < 
The proof of Theorem 11.21 extends to this setting to give: 
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Theorem 7.1. Let h : (0, oo) (0, oo) be continuous and non- decreasing 
such that h{2t) < 2'^h{t), and 



Then almost surely the set A constructed in SectionlE has no G{d, k)- 
tube null subsets of positive l-L^ -measure. 

In particular, there exist non G{d, k)-tube null sets of Hausdorff and 
box counting dimension k. 

The latter claim is obtained by taking e.g. 



Again, it is easy to see that the dimension threshold d — k is sharp: any 
set E (ZMf^ of dimension strictly less than k is necessarily G{d, /c)-tube 
null, since any particular orthogonal projection onto a /c-dimensional 
subspace has zero /c-dimensional Lebesgue measure. 

As our main goal was to prove the existence of sets of small dimension 
that are not tube-null, we focused on a simple model that achieved this 
purpose. But it is possible to prove that many other sets arising from 
random models are not tube null (provided they are of sufficiently 
large dimension). This is true for a large class of repeated subdivision 
fractals; the key feature that must be present in the construction is 
that, conditioning on the n-th level, each surviving point has the same 
probability of surviving to the next level (and the partition elements 
should be regular enough that the combinatorial Lemma 13.31 can be 
carried through; but this is a mild condition). Thus, for example, 
classical fractal percolation limit sets with constant probabilities (see 
e.g. [H]) are almost surely not-tube null when they have dimension 
strictly larger than 1. 

The main difference between the families C and Vk is their size: We 
have seen that the number of (5-balls needed to cover C is exp(f2((5~^''^)) 
whereas for Vk only exp(0(| log(5p)) such balls are needed. Theorem 
11.31 can be generalized to many other curve families satisfying such 
bounds. For instance, if J-" is a collection of curves in such that for 
< 5 < 1 it can be covered by exp(0(| logS\^^^^)) balls of radius S (in 
the D metric), and if each J-" is contained in a union of 0(1) curves in 
C, then the proofs of Theorem 11.31 and Lemma [6.61 can be combined to 
show the existence of non J-'-tube null sets of dimension 1. 

Regarding higher dimensions, it seems likely that our methods can 
be used to prove results for algebraic curves and surfaces in R*^ in the 
spirit of Theorem 17.11 




h{t) =t'^-'=|logtlog|logt 
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We finish this discussion with a generahzation in a different direc- 
tion. Our proof of Theorem II .11 reveals that all orthogonal projections 
of the random measure fi onto lines are absolutely continuous, with a 
density bounded by some uniform random constant. It is natural to 
ask if the projections may enjoy any additional regularity. Away from 
the coordinate projections, one may use the method of Y. Peres and M. 
Rams in [10] to prove that projections have a Holder continuous density 
(Peres and Rams prove this fact for projections of the natural measure 
on fractal percolation). However, the dyadic nature of the construction 
makes a discontinuity in the coordinate projections unavoidable. In a 
forthcoming work [T2j, we address this issue by studying intersection 
properties of a different class of random measures, generated by remov- 
ing a "random soup" consisting of countably many shapes generated by 
a Poisson point process, see e.g. [9] for the description of this model. In 
particular, we show the existence of measures of dimension 1 in M^, all 
of whose orthogonal projections onto lines are absolutely continuous, 
with a continuous density. 
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